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1. Introduction.

We consider\<(}<g@independent series of independent trials,
each trial resulting in a success or a failure. The 4i-th series
consists of m, trials with gj)successes and Y, failures 2);
ti=2o;,t,=2 % N: Inand p, is the probability of a success
for each trial of the i-thseries.

The observations may be swoiarized in the following table.
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We want to test the hypothesis:

(1.1) He 0 pos Pas o = pr
against an upward or downwarc trend. This way be done e.g. in
the following ways o Dl ,

e consider the m, trials of the i-thseries as m; ebserva-
tions of a random variable x, , where <., %takes the values o

4 -

and 1 with
(1;2) ‘P[%‘.&:i]:P; . P[CS‘-':O]:|“PL ,X—:‘.z.....k-

Then H, is identical with the hypothesis that «x,,%,,....%,

. DNOS-—

sess the same probability disvribution and this hynothesis
may be tested against the above uentioned alternatives by apply-
ing TERPSTRA's [5] test against trend to the observations of
x,,%,,..., X, o This test is executed as followss

We apply WILCOXON's two-sample-test to the samples of =«
and ®; . Then, if we denote WILCOXON's test - statistic for these
two samples by gaa :
1) Random variables will be denoted by underlined characterss
values taken by a random variable are denoted by the same cha-
racter, not underlined.

2) Unless explicity stated otherwise 4 gnd-i teke the values
%y e, KO



-~

(1’3> W = [lil'a.z JZ(ELMQH.,)} =q~;.’1"u:-—9_-1"1’\.;
and for TERPSTRA's test statistic T we have

(1.4) W= a[T-2(TIH] = ZZ A

Ag
Consequently
(1) W T (emi-agm)
with (cf. [5] )
(1.6) o Wit H,] = tt, (N - Emi)

3N (N

In section & we shall prove that this test is consistent for
the class of alternative hypothedses:
3)
X_’ﬂz’fl‘ N~ )

Moo Z/m]‘[.m -—Z_'Hal
AT A4

and, for sufficiently small o« , for no other alternatives.

Consequently if we apply TEiPHTRA's test the class of al-
ternative hynotheses for which the test is consistent depends
on the sample-sizes m, . This means, that as soon as at least
one of the p, differs from the others, the m, may be chosen
such, that the test is consistent, even 1f the p, do not show
a trend at all. According to a rewnark of J.HEMELRIJE this dis-
agreable property ought to bhe avoided by choosing the test-
statistic in such a way that the alternative hypotheses, for
which the test is consistent, do not depend on the ratios of
the numbers of observations taken from the different random
variables, excent possibly for boundary conditions of a gene-
ral nature.

Taking this into account, the general form of our problem
may be stated as follows. Consider N independent trials, each
trial resulting in a success or a failure. The total number
of successes is t, tz=N-t‘,<§X4) is the number of successes
and by the probability of a success for the A-th trial. We now
want a test for the hypothesis

(108) Hao - Px" P?.‘"':PN k)

3) If.me‘ZLM‘ pC _1 o then (1.7) is identical with
+

N L ‘u; NG
= "_'_‘:_'}'.‘.1 Y .
&m §:"<% (P‘ P'A) *a

4) Unless exvlicitely s“cated otherwise A and p ‘wke the values
L2, ..., N,



which is consistent for-the class of alternstive hypotheses

(1.9) Ho- /&(/\:Lmz'\l%p;#o
and 1f possible for no other alternatives, where %x(%=\a‘u.. N)

are given numbers.
These numbers must satisfy the condition

(1.10) Zgy=o

b
because, 1f H, is true %_%x¥>x must be equal to zero, in accor-
dance with our wishes as fo the consistency (cf,(1,9)). Tmposing
without any loss of generality, the condition

(/‘°11) %—\%;‘:1
we have
(1.12) QZ;. %x\o;‘ € 1.
In the special case (1.7) the class of admissible hypotheses

consists of those values of fo,,p,...., g which satisfy

P‘= Pa.- . = “yo

P,“\_H:... = pfn\*-m—,,- My >0 Az L,2,.,. &
(1.13) .

. kzr o, ZwisN

10"'\1*-‘-‘\"\'&._‘.\-\—( oere @ }c"m,dr...-wn,‘
and thus if we take
(’1.14) %k’"‘ ——%L‘ {fm-t-..,—wn,-‘_;< Mg Myt Tmg

* As LR, % 0 Nz, J™

where QL are given numbers and 1f we put

P,\z P" Mgt M e X E Myt g
(/l"/iB) {A’.:Lx..,‘,l« {odw t,2,... ,N
then
(1.16) %‘qk P;;;a:’ F"'
Condition (1.10) and (1.11) reduce to
(1.17) Tal =0
and
(1.18) Zgif =1
respectively,

Consequently in the case (1.17) %L is proportional to
my (Zomg - ZL@H ), which introduces the m; into (1.9).
l:ti

T

«)3

If we take %2 proportional to (k1 -2i) the above mentio-
ned drawback of TERPSTRA's test 1ls avoided and the alternatives,



for which the test tc be developed is consistent, are those,
Tor which Z (k+i-24) p, = ZZ(p - ;) *o.

In this paper we hal1 consider the general case (1.9). e
test the hywothesis H, conditionally under the condition %,-
and we chnoose, on intuitive grounds as a test-statistic a 11~
near combination of the random variables ooy @

(1.19) W= 2 hyey,

The hA(A;\‘zw_,‘N) will later on be expressed in termg of
%,.%1,‘.., 9N such that the test is consistent for the class

of alternative hynotheses (1.9)and for no other alternatives.
In the special case of TERPSTRA's test against trend h,(Asi,2,...N)

is proportional to 2 m. - L. mo Qn*< M <X It My e b2, ok).
i<} } >y 1

Without any loszs of generality we can suppose
(1.20) Z% hy =

which means that W 1s chosen in such a way that-é[yy}t‘A4Q]=

(cf. (2.6)).

2o  The uean and varizrce of A\ under the hypothesis He. |
w0 M, and under the condiftion ¢ =1, the simulio-

nioug digtribvution of the o, i1san N-dimensional hypergeome:-:
tric dipgtribution, i.¢a

TT(otc) Ny
(2.1) Pl qum:.,,ﬁ...w_g“:«N;t,,m]=-—*—Fﬁ-——:(t') .
(%)
and
(2.2) &, |t H] = %
(203) o™ x|t . H,]= &t
Tt
(2:4) W[%»mw« U R

Consecuvently

(2.5) o™ W%, Hd] = Z_hc‘[xk[t.,H]ﬂ—sz hpeov[ay o, |5 He] =

T oty 5
= noch & h {ef. {1.20)),

(2.6) (W[t H] = Zhy T =0 (cf.(1.20)).
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3. The asymototic distribution of W under the hypothesisH,.

We consider a sequence of groups of trials, the v-thgroup
of which consists of N, +trials of the kind described in sec-
tion 1 and where

(3'1) /Kf{/h’\— NV::OQ.
. V> o0
Then we have for each v: %, successes, % failures and a

..zv
test—statistic

(3'2) w\,: %_.’l}‘v’-_\_c.}‘ 5)

with
(3“3) {[Wv‘t‘m\—lg] =0
% _ tlvtzv 2
(3.4)  a"[W,} 4, H] = oy Zh,.
We shall now prove the following theorem:
If the conditions

4
Lo

Te N

A \ t o0
=00y, 2 = 00Q)
(3.5)

(2. Max hy, /710 =o0)

LE N SN, X

oxr the conditions

Gy - Z;l{zv
1. Ny 2 “62' :.O(_I)
[Zw.)

for each integer >z

(3.6)
120 Dimticeo , Dm tyo00

are fulfilled the randem variable

W,

G—’[WvltWiHo]
is under the sequence of conditions 1., =t%,, and under the
hypothesis H, , for v tending to infinity,asymptotically
nomally distributed with mean o and variance 4.
6)
For the proof we use theorems by WALD and WOLFOWITZ

[6] , NOETHER [4] and HOEFTDING [3] . To apply these theorems
to our problem we consider the N trials as one obsgervation

- s s St bt

Proof

5) In this and the following section A and o take the wvalues
1,2....,N, and all HMmits are for v—s .
6) To simplify the notation we shall omit the index v,



6.

of each of the random variablesy, y,,... .y, Waere the values
taken by these variablass form a permutation of the numbers
S,Ch.....cn* LT we take for these numbers a row consisting of
the numbers h, h,, ... hy and if a second rowd, d,....,d, consists

of t, %times the number 41 and t, times the numbero,then

(3.7) LS Zodgn=W.

The above mentioned theorcms state that if
1. all permutations of ¢,,¢,....,c, have the same prota -
bility,
2. the row{dx}satisfies the condition

/U’«.{d')\}

/ [ ey en]™
(3.8)

=00) for each integer >2

where
G\tf t

~
Pede} = i T T

3. the row{ck}satisfies the condition
goex Lo -t Zen)

T e g

= 0(.\)

N
then the random variable

L, - 2(L,)

a (L)
igs for vy tending to infinity asymptotically normally distri-

butced with mean o and varisnce 1.

The condition (3.8.1.)is, given the independence of the
trials, fulfilled if and only if H, is true and it is easy
to see that the conditions (3.8.2.)and (3.8.3) reduce to (3.5.1)
and (3.5.2) respectively.

The above mentioned theorems may also be applied In the
following ways:
If a row {C;} consists of +,. times the number 1 and 4, times
the number ¢ and a row {d&} consists of the numbers h, h,,... . h

N
then

(3.9) W-—"‘- 2}.0{:)\@)

where the values taken by o, (h=t.2,....N) form a permutation of
the numbers ¢, ,c;.... ¢y (cf.section 1) .



Consequently ;szig“gjr is under the hypothesis K, and under

the condition ¢, =1, , for v tending to infinity, asymptoti-
cally normally distributed with mean O and variance 41 if the
row {d;} satisfis condition (38.2) and the row {e;} the condi-
tion (3.8.3).

It is easy to see that in this case (3.8.2) reduces ta
(3.6.1) and (3.8.3) to (3.6.2).

4, The conslstency of the test.

In this section we shall investigate the consistency of
the test for the hypothesis W, if we take a one-sided critical
region consisting of positive value of \W . We again consider
a sequence, the v-th term of which consists of N, trials with

Lvm N, = (cf. section 3).

We suppose that the conditions (3,5) or the conditians
(3.6) are fullfilled; then for large y the conditional critigal

region under the condition t'n-t‘7) consists of those values qf
W which satisfy

W 2
(&) o [ Wit H] Ses

where o 1Is the level of significance and gdifollows from

__‘___. 5 -Zv.'ixld.)( = ol.

v2ﬁ _g
If an alternative hypothesis H 1is true, a*[w |, H,| converges
in probability, for v tending to infinity to

(4.2) Lo, ERTD 5 2 (=& o* for short)
NN (ef. (2.5).

We define

f

(4.3) s AW Hl = Zohyp,
(4.4) & G WIH] = Zh pygy-

We can suppose without any loss of generality

(4.5) Lj.lhxt =1,

o e e R G Gon W e W SN0 e Sar

7) We again omit the index v .



then
(4.6) ’&fm.[/u.l-: M‘%—“xPx\é‘\

and from (3.5,2) or(3.6.1) follows

(4.7) Aven Zh) =0,

Consequently

(4.8) Liven &2 <0 (cf.( 4.2))
(4.9) L 0* 2o (e, (4.4))
If now

(4.10) Lirens 2y By 30

then the probabillty of not-rejecting W, converges in proba-
bility fory— o to:

(4.11) L P[..‘g: <4,] = Lm PLw-p<to,-p].

From (4.8) and(4.10) follows that 4o, -1 1s negative for suf-
ficiently large vy ; consequently

(4.12) L PIE < £,] 2 L Pllw-pls p-g0] 2
= fin o’

B (- Buon)*
If
(4.13) M%“;Px <o

co (ef. (£.9)).

we see in the same way that the probability of rejecting H, con-
verges in probability for v—ea to o. If finally

(4.14) '&-/\’\'\-Z;."\A P)‘ =0
the probablllty of rejecting H,converges in probability for v-oto
-(4.15) A Pl w 2 4, 03]
Consequently if
(4.16) Ao S5 4 o
o

and

2 ’ a?
(4.47) ‘g& > /&”’1' Y

e



then

(4.8} i Plwz g, 0] = B -T2 < 4.

£iod

The condition (4.16) is satisfied, if
(4.19) Lm«. be /&.m'\: —'L;\!Cb >0

but this is not necessary the case if (4.16) is fullfilled. The
class of alternative hypotheses with ALim 03 zaand £Usz:hkPA;o
is of a rather unusual character, but it may be worthly of fur-

ther investigation, because probably for at least a part of thi:
class the test is also consistent.

5. Summary.

Substituting 9 for h, in the above formulae, we get
the following results. If we use the test-statistic

(5-/]) ci; —~x

where %;<A="%~“N) are given numbers, satisfying

(5.2) s g -0
then

(5.3) £ [ Wit Ho) =o

(5.4) o[ W, He] = ':Tafﬁ ~ g%
If

(5.5) Zigl-x

and if the conditions

. .
(5.6) 1. ‘;;"":O(!) and ——0(for N— o ‘
(cf. (3.5))

MAeK
o, ‘_ihz.cij_“i.._%.’:_ = al) for N = ca
by %)

or the conditfions:
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i 2
1, N Q) forv-eand each integer ~>a

E@
(g™ (ct. (3.6))
2-’&th=® ,J&M\.taaoo

are satisfied and

(5.7)

(5.8) i —B _ ke ERTBEG (cf. (4.16))
o NEN -1) Z)C%:;qu')‘
and
(5.9) 22y Lo T (cf. (4.17) ).
g

then the test is consisfent for the class of alternative hypo-
theses

and for no other alternatives, and the conditional distribution
ETE%%{;Q: is under the hypothesis H, fOr‘V—>a>asympto~

tically normal.

6. Examples.
1. 8uppose we want to test the hypothesis H, agalnst the
alternative hypotheses of trend, where a trend 1s defined by

22 (F;*PH)%O.

X<
> - - -
From E:;;(F“ by) = 2}(N+x 23) by, follows that g, 1s
proportional to N +i-ax{X=t1,2,...,N)and therefore condition (5.2)
is satisfied.
If we take

(6.1) 9y=2 ﬁﬁ%ﬁi As L2,

then he conditims (5.5), (5.6.2) and (5.7.1) are all fullfilled.
The test-statistic is

(6.2) W = %.(N-)-\—z/\)gc)‘: §<§'(°‘9*‘§9|“)

with

(6.3) Elw|t, Ha] =0,

(6.4) Q’l[\_h_{ <., Hol o bt Z(N+\—1¥\1 ‘*‘Jgt‘t" (N+1),

N(N-1) &
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and the test is consitent for the class of alternative hypothe
ses

(6.5) Bireo & Z T (py-Ppp) #0

N o ,\P" J<p

and for no other alternative hypotheses if (5.8) and (5.9) are
satisfied.

2. Suppose the class of admissible hypotheses consists of

those values of p, p,, ..., p, which satisfy (1.13) . From sec-
tion 5 it follows then that if we take as a test-statistic

(6.6) - Lg 2

where %l(i:‘ﬂun,)k)are given numbers, satisfying

(6.7) 2‘2_%; =a

then

(6-8) {[V_\!\t\x\"\ol=0,

(6.9) o[ W )t Ho] = tt, oy %

N(N-1) © ms

The test is then consistent for the class of alternative hypo-
theses

(6.10) Liomn, Z g, pi#o (cf. (1.16) )

N < e

and for no other 2lternatives, if

(6.11) Zlgi] =1 (ef. (5.5) ),

the conditions

1. —:t‘:r- =0 =0y for Noow
6.12)¢ . 2 cf. (5.6
(6.12) 8 ( (5.6) )

2. \ai:\( ma™ OL‘) for N — oo

pag Tl
A Mo
or the conditions

i ) Y’/’,"( 42:- 3:_\ 0(‘
10 N {Z ‘7. }“/’. = b \) for N - o0
A Ny

2' /&Jﬂ'\.t|=00 and /gi/m-h1=0:

i’

(6.13) (cf. (5.8) )

are satisfied and if furthemore the conditions
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2

: Tmip: Tmiq T 2

(6.14) B, Fo o o, R i r iy (cf.(5.8)
(N-0 280 piq;

(6.15) 22yl I (cf.(5.9)

are fullfilled. Consequently 1if 9. 1s independent of mima,.., "«
the test is consistent for a class of alternative hypotheses which
does not depend on the sample sizes E.g. if we take

A= L2000,k

(6.46) g = 2 ST

K’“

then the conditions (6.7) and (6.11) are satisfied. If k is fi-
nite condition (6.12.2) is fullfilled if

/gjwn. My o= oo for /Lsé-'\i:;""‘
(6.17) N =<0

L. m, = oo for = kxt

N —ree 2%

and (6.13.1) is fullfilled if

CRONECS for iplp
Lirons D% 5 for 4 = kX,
N —pece N - 2

The test-statistic is

(6.19) WeZ I (& -2) .2 F B (er(1.3)),
v\.</i Yoy, ﬂf\..} ,.;<_x "’1)\.'\’1,&

with

{6.20) W %M =0

(6.21) o"'[\ﬁ/\t“Ho} .tk Z(M\»u)"

N{N-) & ms )

and the test is consistent for the class of alternative hypothe

6.22) A

N —>ew

= L2 (P By) #0

£<4q

and for no other alternatives if (6.14) and (6.15) are fullfilled.
For TERPSTRA's test-statistic we have

(6023) -~ - m.,b(_&z;m‘ "Lg’m’i) (Cf, (1.3) and (104})
’ Lol Ty - Zmil

Condition (6.12.2) reduces to

e
6.ony ek (G- &) o

3
NY - T omg
A

for N —
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and (6.13.1) reduces to

(6 .25) thlz‘\ ;’Y\L(ch\l'ni —L%f‘r\‘) :0(\}

o for N — oo and
3 %
[N - Z,_— '“&} each integer nsz.

From (6.9) it follows, that

3
t,t * t‘tn.(_N‘—};-""-;-)
(6.26) o[ fe.f] = is 2w (I mi - &) = =y

with

(6.27) W= X T (aimy -~ a;mi) (cf. (1.6) ).

The test is consistent for the class of alternative hypotheses

(6.28) Ao Z% mimi (P pil +0

N o
Z/'(L,,‘ Zf\‘\.&~ Z:.'\'\—a\
and for no other alternatives if (6.41) and (6.15) are fullfilicd

If

(6.29)  m | T - T o

~>ca ~ <3

then (6.28) is identical with

(6.30) l;m I X B (b pi)

4(‘1

and as
(6.371) bi- pj= Pl ooy > ’e_ci-i - Pl < %yl

(6.30) 1s identical with

(6.32) BTy ) - Pl < g H 4 0.

N=eca Xeq N
7. Remarks,
1. The test of example 1 and TERIT3TA's test may also be de-
rived in the following way:
Consider two random variables x and y where, in two samp-
les of size t, and t,respectively, « andg have taken the valuedi
o, and k. times rcspectlvely. If W4 is the test-statistic of

— As

WILCOXON's tezt 2nplied to these two samples then



(7'/‘) 2‘:‘.:\&_] +'h|'b2.

Hemelri jk {1]anm1 [Q]has proved that the hypothese H, under
the condition %, -1, 1s identical with the hypotesis thas «
and y possess ©i» same probability distribution. Consequently

(7.2) Elwlt Ho] = 22wt Hol =4ty =0

) ar ) t.tx(Nx )
(7.3) @' [wit,He] = aa [U [t re] = 4 1a N {N=1)

or, if allm, are equal to 1 (example 1):

t‘tx ‘._NJf'i}
13

(7.4) ot lw |t He] = 4

For the case that all m are equal to 1 the exact distribution
of W under the hypothesis H, is known for small valuegof 1,
and t, ; therefore in thils case an exact test 1s possible.
2, If m;.m for each 4 TERPSTRA's test is 1dentical with
the test given by (6.19). Consequently
a. if m; -m for eath 4 Terpstra's test is consist.nt fou
a class of alternative hypotheses which does not de-
. pend on the sample-sizes,
b. if m; . m for each i the test given by (6.19) is 1i-
denticzl with Wilcoxon's two sample test applied to
the sumples of ¢ and y (cf. remark 1).
3.In the preccding sections we proved that If we take as a
test-statistic

W
(7.5) Woe 22—t
A <q Man g
instead of TERPSTRA's test-statistic 5 L W,. the test is
P !
consistent for the class of alternative hypotheses

L G2 Z (B -Fy) #o
which is independent of the gample-sizes.

I now o¢, possesses a contlnuous or a discrete distri-
bution function and if ?n; observations of =, are gilven
(ist2..k1t may be proved that if we take (7.5) as a test-statis-
tic to test the hypothesis Y, thatwx,.., x«possess the same
distributionfunction instead of TERPSTRA's test-statistic the

test 1s consistent “or the clagss of alternative hypotheses

L~ 22 {‘Pfac,; s ae;] - Plo< ]| #o

N->co i<
which again does not depend on the m;,
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I, The test described in the preceding sections may be gene-
ralised e,Z2. in the following way:
Consider N random variables %,,%,,...,%

=13 =2

N Where ¢, takes
the values,a, ... 4 with probabilities Pars Baaceo Pas respectively
(rA=1,2.0.0N 3:§'F>¢ a4 for each) ). Given one observation of
each of these random variables we want to test the hypotheses

Ho that «x,,%¢,,. .. .2, POSsess the same prohability distribution,
which is identical with

Pii = Pai= v 2 Pua for each i (i::uz“.ul),
against the alternative hypotheses

;;‘ﬂupu +0,

where %AL(A=\‘zVH,N; is=4u2,...,4) are given numbers. If H, is Trus

%Z;%u‘ih;_= 4?—'?:. %Qu
and this must be equal to zero, Consequently the numbersQX; mus’t
satisfy the conditions

2. 9xi =o for each &+ (i=1,2.....4).
)\ A

If 2. 2

]

% %; %‘A:L \P)J\. = ZS:" (%k\ F‘A« +%LQF>&) ?(%A\ "%,\2) }3«\1 + };‘%)\a:

12

5;- (Qm - 9xa) Pav = E;% P

where

%A-;CJM ~ 91, s A= L, o N ;.ca}zo

and PA'= B s MNa 4,2, .0, N,
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